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1. Introduction
Let A denote the class of functions k of the form

k() =€+ o€, (1.1)

which are analytic in the open unit disk A = {£ : |¢] < 1}.

Quantum Calculus or ¢-Calculus is the study of Calculus without limits and
in recent years, it has attracted attention of many researchers due to its vast
applications in Mathematics and Physics. At the beginning of the last century
studies on g-difference equations appeared in intensive works especially by Jackson,
[5, 6], Kac, V. and Cheung, P. [7], Noor, K. [9], Ezeafulukwe, U. A., and Darus, M.
[3], and Ucar, H. [12], as well as numerous other contributors in the field. Research
work in connection with function theory and g-theory together was first introduced
by Ismail et al. [4]. Till now only non-significant interest in this area was shown
although it deserves more attention. Jackson [5, 6], introduced and studied g-
derivative and g-integral in a systematic way. We would like to mention that the
use of g-derivative (or g-difference operator D,) was introduced in [5].

The differential operator D, k(€), acting on k € A given by (1.1) and 0 < ¢ < 1,

is defined by HE) = kla6)
FAS) 7 FGS)

DUkE) =

£#0, q#1, (1.2)

where
Dyk(0) = K'(0) and  Dgk(§) = Dy(Dyk(S))
From (1.2), we can deduce that

Dok(§) = 1+ 3 _[laes& ™, (1.3)
where . ‘
_1-d

AS q — 177 [.]]CI %.]
Jackson [6], introduced the g-integral:

é' o
JRECOR R Srt! (1.5)

provided that the series converges.
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Let S? be the subclass of S consisting of functions given by (1.1) satisfying

/

R {%} > 0 for all £ € A. These functions are called starlike with
respect to symmetric points and were introduced by Sakaguchi [10]. Recently,
ELAshwa and Thomas [2], have introduced various results concerning functions in
S, and two other classes namely the class S of starlike functions with respect to
conjugate points and the class S, of starlike functions with respect to symmetric
conjugate points.

In this work, using the concept of g-derivative with symmetric and conjugate
points we define the following.

Definition 1.1. A function k € A, is said to be in the class Si(5,0,q), if the
following condition is hold

‘ EDgk(E)
k(&) — k(=€)
where 0 <6 <1,0<0<1,0<q<1.

Definition 1.2. A function k € A, is said to be in the class S3(9,0,q), if the
following condition is hold

kO
k(&) + k(E)

where 0 <6<1,0<0<1,0<q<1.

The classes S7(9,60,q) and SX(0,0,q) are yield several known subclasses of A,
namely S7(6,0,1) = SX(0,0) and S:(6,0,1) = S:(0,0) are introduced and studied
by Sudharsan, T. et al. [11], and as d =6 = 1 and ¢ — 1~ we get the classes S*
and S¥ which introduced by El-Ashwa, R. et al. [2].

2. Main Results
We need a lemma of Lakshminarasimhan [8].

Lemma 2.1. Let h(§) be analytic in A and satisfy the condition

~1] <ol 2 eea,

k(€) — k(=€

SDHO

k(€) + k(E)

<6 e A,

1—Ah(g)
€N, 0<6<1,0<0<1, with, h(0) = 1. Then we have
he) = =50 (2.2)

14+ 6év(é)’
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where v(€) is analytic in A and |v(§)| < 0 for € € A. Conversely any function h(§)
given by (2.2) above is analytic in A, and satisfies (2.1).

We now prove a lemma, this is used to obtain the coefficient estimates for
functions in the class S (0,0, q) and S (9,6, q).

Lemma 2.2. Let k(&) and P(&) belong to S and satisfy the condition

0§ Dgk(8)
(&)
0<6<1,0<0<1,0<q<1andf € A, with k(§) given by (1.1), and

p(§) :§+Zdj§j. Then for j > 2

J=2

ED,k(E)

—1’<0‘ +1’, (2.3)

7—1
;= [laci* < 2(66° + 1) Y Wglelldd], (jer] = da] = [, = 1) (2.4)

t=1

Proof. By lemma 2.1, we have

EDK(E) _ 1-£v(8)
pE) T+ oeu()

v(&) is analytic in A and |v(§)| < 6 for £ € A. Then

EDGR(E)1 + 06v(§)] = p(&)[1 — Eu(E)].

Or equivalently
0§Dk (&) + p(§)]€v(§) = p(§) — EDGK(S).

Now if,
¢(£) = §U(f) - erfj,
j=1
then
[(€)] < BE| for € € A.
Therefore

[e.9]

(5(5 + Z[J']chﬁj) +&+ Zdj§j> (Z ijj) = €+Z d;&’ — <€ + Z[j]chfj> :

J=1
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Such as
(55+5+Z locj + ;)€ ) (meﬂ) —dej > D€
Thus,
( (6 +1)§+ Z CJ + d ) <Z Tj§j> = Z (dj - [j]ch) fj- (2.5)

Equating the coefficient of &/ in (2.5), we have
¢; = ile¢ = (0 + 1)rjmr 4+ (0[2]gc2 + do)rjz + .. + (6] — Ugcj1 + dj1)r1. (2.6)

Thus the coefficient combination on the right side of (2.6) depends only upon the
coefficients combination (§[2],c2 + d2), (0[3]4c3 +d3), . . . ,(0[j — 1]4¢j—1 +dj—1) on
the left side. Hence for j > 2 we can write

<5+ £+Z qct+dt ) Z qctf‘i‘zetf (2-7)

t=2 t=j+1

Squaring the moduli of both sides of (2.7) and integrating along |{| = A < 1
and on using the fact that |¢(§)] < 0|¢|, we obtain

J oo j—1
> ld = [taa A+ D e A < 0 ((5 + 12X+ [8[tle + th)\Qt) ,

t=2 t=j+1 t=2

Letting A — 1 on the left side of this inequality, we obtain

j—1
Z \dy — [t],ce)* < 67 ((5 +1)%+ ) [o[tlger + dt|2) .

t=2

We can rewrite as

\d; — [f]qc5]? < 0%(6 + 1) +e2215 qct+dt]—2\dt [t]oce)?

j—l

<G+ 17 +62> (I8[tlgerl” + 20[t]gcudy + |d[)

t=2

[y

j_

(Ide[* = 2[[tgeedy| + [£2]el?) -

-+
[|
N
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This implies that
j—1

|dj — [lgci|* < 076 + 1)* + (676 = 1) Y[t
t=2

— j—1
0> — 1) Z | + (2007 +2) Y "[t]lendy]. (2.8)
t=2 t=2

Thus,

|d; — [5]q4¢5) < (2007 + 2) <1+Z \ctHdt)
—1

259%22 dedld], (lea] = |di] = [1], = 1).
t=1

Or equivalent

|d; — [5]4¢5]* < 25022 oleal|de| + 22 Jled |-

Theorem 2.3. Let k and p belong to S and be giwen as in Lemma 2.2. Then for
j>2

Loy Y
4, — [ilaos|? < 20662 + 1)C A, (1 - .—,k) 4, (1 - .—,p) |
[]]q [J]q

where A, (A, k) denotes the area enclosed by k(|| = ) and where C is a constant.
Proof. We have by (2.4) of lemma 2.2
j—1

;= [lail* < 2(66° + 1) Y taleslldyl, (Jea| = |da] = [1], = 1).

t=1
The Cauchy-Schwarz inequality gives for 0 < A < 1

4, — e, < 2667 (i[ﬂmP) (imq\d#)

t=1

j—1 3 /i1 3
+2 (Z[t]q|ct|2> ( [t]q|dt|2)
t=1 t=1
j—1 % 7j—1 %
200% [ _
< r2i < [t]q|ct|2)‘2t> ( [t]q|dt|2/\2t>
t=1 t=1
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= 3 /i1 3
+ 35 (Z[ alcil /\2t> (Z ol A%)
t=1 t=1
206>
T
since Ag(\, k) = 7327 [1]qleiPA%.
Choosing A =1 — ﬁ for 7 > 2, the result follows.
Theorem 2.4. Let k € S7(9,60,q) and be given by (1.1). Then

o=

1 2 1
A (/\ k) Aq ()‘7p)2 + ﬂ_/\QjAQ(/\J k)qu(AJQ) )

i) (Ul leal? < MZ[m—um_m J =1 (lerl = (1], = 1),

14 2q+ ¢?
) 2¢2(56% + 1) I~ .
2 2
i) (1= [jlg)?|eajaf* < 1000 2 ;[QZ_l]q|C2l—l| , j=2.
Further, if 60 < 1,
i) (Pl < (=1 § o .
iii) ([7]g2)leg|” < 1+2—q+q2§|02l_1 1+2 2;2 — Uglenal?, j
1,
(lea] = [1]g = 1) and
0) (1 [l leayal? < Z AR JZ2Z1| ,
w C2j-1 _1+2q—i— . 1+2+2 - C21—-1
Jj=2.
The inequalities (i) and (i) are sharp.
Proof. Since k € S7(0,0,q), by Lemma 2.1 we have & q(g()é) = h(§), where p is
p
k(&) —k
an odd starlike function with p(§) = M nd h(§) = g 5££U(é))’ where

v(§) is analytic in A, and |v(§)] < @ for & € A. We have,

Dk(€) _ 1-¢&v(e)
p€)  T+0€u(e)

3

hen
t (DO 1-6(e)
k(&) — k(=) 1+ d8v(§)’
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We can write as

206 Dgk(8) + k(&) — k(=8)]Ev(§) = k(&) — k(=€) — 26Dyk().

Now, if
(E) = (&) = €,
then
[W(&)| = |€v(&)| < 0I€] for € € A.
Therefore
[(204+2)6+ D200+ (1= (=1))es€] D_ri€? = (1= (=1) =2[jlo)es’. (2.9)

Hence for 7 > 2 we can write

(26-+2)¢+ D60l + (1= (-~ D15 = D[ = (1) = 2t Jene’ + Y eat
j=1

t=2 t=j+1
(2.10)

Squaring the moduli of both sides of (2.10) and integrating along || = A < 1 and
on using the fact that ()| < 0]£|, we obtain

=2

D (1= (=1)F = 2[t])?lePA* + Z led2A% < 02{(20 + 2)%\?
30200, + (1 — (—1)Ple?A?).

t

<.

||
I\

Letting A — 1 on the left side of this inequality, we obtain
J
D (1= (1) =20y lerf* < 67

t=2

This implies that

(26 +2)% + i(%[t]q + (1 — (—1)t))2|ct|2] .

t=2

11— (=1)7 = 2[j][[¢;]* < 62

(20+2)%+ ) (26[t], + (1 — (—1)t))2|ct|2]
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Hence
1 (1P 2l < 4076+ 1) 4 4070 — 1) S [l
HE )0 ()P
+4(66° + 1) 3 (1= (=1))[t]glel (2.11)
< 46%(6 +1)% +4(56° + 1) ]z:(l — (=1)H[t])glee?
8(00° + Z Uglea—1l, (Jer] = [1]g = 1).
Therefore,
(e Fleal® < 705 0 S Pl Uhlewa lal =W, = 1. @12
(= Glellea P < 2L S o ez )

=1
From (2.12) and (2.13) the inequalities (i) and (ii) follow.
Now if, 60 < 1 using (2.11), we get

1= (1) = 2[j]g[*le;[* < 46%(5 +1)* +4(5°0 — 1) ) _[t]gles]”

20 — 1glea—]?,5 > 1.
(2.14)
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And
0+1)
1— 42 < (7 21 — 1] > 9.
(1=l )|C] | _1—1—2q+q22‘ 1+2 _|_q2z Jglea— 12,7

(2.15)
From (2.14) and (2.15) the inequalities (iii) and (iv) follow.
We observe, that the inequalities (i) and (ii) are sharp as can be seen from

the function k(&) =

, but the inequalities (iii) and (iv) involve
2(66% + 1)(1 — ¢€) b (iti) and (iv)
additional sum terms and are not necessarily sharp.

when 6 =0 =1 and ¢ — 17, we get the corresponding results of EL-Ashwah and

Thomas [2].

Theorem 2.5. If k € S;(0,6,q) with 66 < 1, then ¢; =0 <ﬁ) as j — oo .
§Dgk(E)
k(§) — k(=€)

Proof. We observe that when 60 < 1, for k € S%(4,60, q), is bounded.

We first prove that
7j—1
[l — (L= ()Pl P < 40+ 1) ) _[Hales P, (Jea] = [1] = 1)
=1
If k€ S7(9,6,q) is given by (1.1), we have using Lemma 2.1

EDK(E) 11— Ev(E)
BE) — k(-6 1+ 0c0(&)’

where v(§) is analytic in A, and |v(§)| < € for £ € A. Then

EDR(E)[1 + 06v(§)] = (K(€) — k(=E))[1 = Eu(E)]-

Or equivalently
06Dk (€) + k(&) — k(=8JEv (&) = k(&) — k(&) — EDgk(E).
Now if|

W(€) = €v(€) = Zw&%

then
[W(&)] = [Eu(€)] < 0IE] for € € A.
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Therefore

[e.e]

<6+2>5+Z(6mq+<1<1>J'>)cj§j] > el = {§+Z (1= (1) = [jlq) ;& | .
j=2

j=1
(2.16)
Equating the coefficient of &/ in (2.16), we have
(1= (=1 = [fl,) = 0+ 2yt + O[2yea + (1= (~1*))rya+ oo+ (3 — Ugeyon +
(1= (1.
Thus the coefficient combination on the right side of (2.16) depends only upon
the coefficients combination

(6[2]4ca + (1= (=1)2)), (0[3]4cs+ (1= (=1)%)), . . . ,(8[F — Ugcj—1+ (1 = (=1)771))

on the left side. Hence for j7 > 2 we can write

J—1 J
6 +2)6+> (3[tly + (1 = (—-1)")et) =Y a-(- Jo)c€t + Z el
t=2

=2 t=j+1
(2.17)
Squaring the moduli of both sides of (2.17) and integrating along |{| = A < 1
and on using the fact that |¢(§)] < 0|¢|, we obtain

J o)
D ([Hy = T4+ (=D el + ) JedX < 6°{(5 +2)°N?
t=2 t=j+1

+ > (0[tly + (1= (=1)7)) e A"}

t

<.
—_

Il
)

Letting A — 1 on the left side of this inequality, we obtain

-1

D [ty =1+ (=1)lef? <6 | (6+2)2 + ) (3t + (1= (=1)))|erf?

<.

This ti:rjlplies that .
(Ula=(1 = (CD7)Plesl? < 625 + 22 + 62 gwmq (= (1))l
- :<[t]q (= 1))l
< 6%(6 +2)? + (6%0% — g el + (0 — 1) :(1 — (=1)"el?
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£ (267 2) (1= (—1)) el

t

<.

Il
)

Or equivalently

(llg = (L= (=1))les? <46 Y " [Hgleel® + 47 " [tlglef?

<40+ 1)) [Wolal (ol =1, =1).  (2.18)

t=1

Since 06 < 1. It remains to show that ¢; =0 (ﬁ) as j — oo. From (2.18) we

have

([l = (1= (=1)))|e;|* < 4(0 + 1 (1 + Z !ct|2> - (2.19)

D,k
Since k(fg)—q—k((fi&) is bounded, it follows that k(&) is bounded. Now following
Clunie and Keogh [1], we conclude that X, the area of the image of k() is given
by
S=n (1 + Z[t]q|ct|2> , (2.20)
=2
and consequently, Z[t]qlct\z < oo and hence \; = Z[t}q\ctP — 0 as j — oo.
t=2 t=2
Thus we have
j—1 j—1
D ol =D (A= A1) = A — Ay =0(1) as j — oo. (2.21)
=2 t=2

Using (2.19) and (2.21), we have ¢; = o(ﬁ) as j — 00 .

Theorem 2.6. Let k(§) = f—l—z ;& be analytic in the unit disc A. If for € € A,
j=2
0<6<1,0<6<1,0<q<1

[ (L+80), (011 - (-1))
2[9(2+5)_1+ 0(2+0)— 1 lcj| <1,
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or equivalently,
(L +00)([2qlt]g2)eal (1 +00)(A + qf2q[t]oe)earr| +2(6 — Deaeni|] _
2—1—5)—1 0(2+0)—1 -
(2.22)

M

then k(&) belongs to the class S:(6,0,q).
Proof. We use the method of Clunie and Keogh [1]. Suppose that k(§) = £ +

chfj, then for || < 1
j=2

EDgk (&) — k() + k(=&)| = 0106 Dgk(E) + k(&) — k(=)
= ¢+ Z Jgci€0 — 26 — 21— —1)7)¢; €

—955+5Z cjgf+2g+21—— M)e;€

Jj=2 j=2

oo

= —g+z o= 1+ (=) €= 0](6+2)€+ > (3lslg + 1 — (—1)7) ;€2
j=2
<|—€|+Z ¢ = 14+ (=1)7) |¢j][€]* = 6(5 +2) |€\+92 lg +1—=(=1)7] lejI€

j=2

>\+Z( —1+( ))|c]|/\2—9(6+2/\+92 g +1— (=107 ;A% [¢] =A< 1

< i (L4+80)[j]g — 1+ (=1)7 +0(1 — (=1)7)] |;] —9(5+2)+1] A
J:2
< i 1+ 59 Qt |Cgt‘ + Z 1+ (59)[2t + 1]q|02t+1| + 2(9 - 1)|02t+1H — 9((54— 2) +1| A
t=1
< Do+ 60)([2)gltg)eael + Y [(1+860)(1 + q[2lg[tg2)leara| +2(6 — D]earia|] — 6(6 +2) +1
Lt=1 t=1
<0 by (2.22).

Therefore it follows that for || < 1

(RE2MO 1) (PO )

so that k(&) € S5(4,0,q).
We note that

05 +2) — 1

MO == s, + - D - 1)

gj

A
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is an extremal function with respect to the theorem, since

(P20 1) (2240 1) o

1
for 521a0§5§1’§<‘9S170<QS17]:2737

3. Illustrative Example

To illustrate the practical application of the sufficient condition established
in Theorem 2.6, we consider a specific case by assigning particular values to the
parameters ¢, 6 and q.
Example. Let 6 = 1,60 = 0.6 and ¢ = 0.5. Substituting these values into the

inequality 2.22; the condition for a function k(§) = & + chgj to belong to the

=2
class S%(1,0.6,0.5) becomes:

2 |+ 0.6)] (0.6 —1)(1— (1)

Z 2+( )( ( )) |Cj|§17

062+ 1) -1 06(2+1)—1

Simplifying the coefficients:
1.6[2¢]
For even terms (j = 2t), we have — : = 2[2t]1
L6[2t41],

For odd terms (j = 2t + 1), we have —5g—2 = 2[2t + 1]%

Thus, the function k(§) belongs to S:(1,0.6,0.5) if:

> 2021, |cgt|+z [2t + 1)1 )|earsa| < 1,
t=1

Now, for even terms (j = 2):

The first even coefficient ¢y, where [2]% = 1+ 0.5 = 1.5, so the first part of the
term is 3, and the second part is 0, therefore the coefficient for |cs| is 3.

For odd terms (j = 3):

The first odd coefficient c3, where [3] 1 = 1+40.5+0.25 = 1.75, so the first part of the
term is 3.5, and the second part is -1, therefore the coefficient for |03| =3.5—-1=25.
Hence, the function k(&) € SI(1,0.6,0.5) if: 3|co| +2.5|c3| + ... <1

Now, if we define a simple analytic function ko(€) = £+ 0.2¢2 —i— 0.1£3, we can verify
the condition: (3 x 0.2) 4+ (2.5 x 0.1) = 0.6 + 0.25 = 0.85 < 1, and this confirmed
that ko(&) € S¥(1,0.6,0.5).
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Theorem 3.1. Let k(§) € S%(0,0,q) and be given by (1.1). Then for j > 2

([l + 1)|eql* < 2(06% + 1) (Z[ﬂqlctl2> : (3.1)

t=1

Proof. The theorem follows immediately from Lemma 2.2.
The inequality in the above Theorem is sharp, and a function that demonstrates
sharpness is

MO = o (e~ T )
(1+60%)(1—q) \1-¢ 1-q¢
4. Conclusion

In this work, using the concept of ¢-derivative with symmetric and conjugate
points we define, two subclasses, namely S7 (6,0, ¢) and S (9, 6, ¢) of analytic and ¢-
starlike functions with respect to symmetric and conjugate points in the open unit
disk A. We derived coefficient estimates and established the necessary sufficient
condition for functions belong to S(d,6,q). Furthermore, we provided detailed
coefficient estimates the class S7(d, 6, q), contributing to a deeper understanding of
their geometric properties.
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